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Abstract
We use the conformal Ward identities to study the structure of
correlation functions in coset conformal field theories. For a large
class of primary fields of arbitrary g/h theory a factorization anzatz
is found.Corresponding correlation functions are explicitly expressed
in terms of correlation functions of two independent WZNW theories
for g and h.
Coset theories is an important subclass of two-dimensional conformal in-
variant QFT’s.(For a review see e.g.[1].) The g/h coset theory is based on
the Virasoro algebra generated by [2, 3]
K(m) = Lg(m)− Lh(m), m ∈ Z. (1)
The operator Lg(m) is a conformal generator of the Wess-Zumino-Novikov-
Witten (WZNW) theory [4-6] for the Lie algebra g and h ⊂ g. In this paper
we study the connection between the coset and WZNW theories which follows
from (1) at the level of correlation functions and primary fields.
In the case of su(2)/u(1) correlation functions of primary fields may be
written in terms of correlation functions of the independent WZNW theories
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for su(2) and u(1) [7].Correlation functions of the g/u(1)d, d = 1 . . . rank g,
cosets [8] have a similar structure.In [9] some correlation functions of mini-
mal models were expressed in terms of correlation functions of two WZNW
theories.
In this paper we show that a large class of correlation functions of arbi-
trary g/h coset conformal field theory can be expressed in terms of correlation
functions of two independent WZNW theories for g and h. To find correlation
functions of coset primary fields we use the conformal Ward identities [10].We
propose an anzatz for coset primary fields and show that the corresponding
correlation functions satisfy the Ward identities. Different factorization prop-
erties of g/h coset correlation functions were found in [11].
The results of this paper are in agreement with those of refs. [12, 13]
where the g/h WZNW model was studied by using path integral approach.
We begin with the affine Lie algebra gˆk for simple g
[Ja(m), J b(n)] = ifabcJc(m+ n) + kmδabδm+n,0,
where fabc are the structure constants of g and k is the central charge.
The conformal generator Lg(m) is given by
Lg(m) =
1
2k +Qg
∑
n
: Ja(m− n)Ja(n) :,
where Qg is the quadratic Casimir in the adjoint representation of g.These
operators satisfy the commutator relations
[Lg(m), Lg(n)] = (m− n)Lg(m+ n) + cg
[
1
12
(m3 −m)
]
δm,−n, (2)
cg =
2k dim g
2k +Qg
,
where cg is the central charge.
Let GR(z) be the primary field of gˆk
[Ja(m), GR(z)] = z
mGR(z)t
a
R, (3)
[taR, t
b
R] = if
abctcR,
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where taR is the representation of the generators of g for the field GR(z). In
the WZNW theory GR(z) also is the primary field of the Virasoro algebra
(2)
[Lg(m), GR(z)] = z
m+1∂zGR(z) + ∆R(m+ 1)z
mGJ(z),
∆R =
QJ
2k +Qg
,
where QR is the quadratic Casimir of g in the representation R. Here and in
what follows we treat only the holomorphic part.
Let hˆk be a subalgebra of gˆk.We assume that it is generated by J
A(m), A =
1 . . . dimh. The field GR can be decomposed in the set of some irreducible
representations of h
GR(z) =
∑
l
GR l(z) =
∑
l
PlGR(z), (4)
where GR l(z) belongs to the l
′s representation and Pl is the corresponding
projector. The field GR l satisfies the equation
[JA(m), GR l(z)] = z
mGR l(z)t
A
l , (5)
where tAl is the representation of the generators of h for the field GR l(z) As
well as GR(z) the field GR l(z) is the primary field of the Virasoro algebra (2)
[Lg(m), GR l(z)] = z
m+1∂zGR l(z) + ∆R(m+ 1)z
mGR l(z), (6)
Correlation functions of these fields can be computed using correlation func-
tions of the WZNW theory
< GR1l1(z1) . . . GRN lN (zN) >=
N∏
i=1
Pli < GR1(z1) . . . GRN (zN) >
The coset conformal generators K(m) (1) satisfy commutator relations
(2) with the central charge cg/h = cg − ch [3]. We shall need the relation
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[K(m), GR l(z)] = z
m+1
(
∂zGR l(z)−
2
2k +Qh
: JA(z)GR l(z) : t
A
l
)
+∆R l(m+ 1)z
mGR l(z), (7)
where
: JA(z)GR l(z) :=
∑
m<0
JA(m)z−m−1GR l(z) +GR l(z)
∑
m≥0
JA(m)z−m−1.
∆R l is given by
∆R l = ∆R −
Ql
2k +Qh
, (8)
where Ql is the quadratic Casimir of h in the representation l.
Correlation functions of the coset primary fields φi satisfy the conformal
Ward identity [10]
< K(z)φ1(z1) . . . φN(zN ) >=
N∑
i=1
{
∆i
(z − zi)2
+
1
z − zi
∂
∂zi
}
< φ1(z1) . . . φN(zN) >, (9)
whereK(z) =
∑
mK(m)z
−m−2 and ∆1,∆2, . . . ,∆N are dimensions of φ1, φ2, . . . , φN ,
respectively.
To find a solution of this equation we shall use an auxiliary WZNW
theory. Let hˆk′ be the auxiliary affine Lie algebra
[χA(m), χB(n)] = ifABCχC(m+ n) + k′mδABδm+n,0. (10)
where A,B,C = 1 . . . dimh. The value of k′ will be defined later. Let Φl be
the primary field of the WZNW theory for hˆk′
[χA(m),Φl(z)] = z
mΦl(z)t
∗A
l , (11)
∂
∂z
Φl(z) =
2
2k′ +Qh
: χA(z)Φl(z) : t
∗A
l , (12)
where t∗Al = −(t
A
l )
T and Qh is the quadratic Casimir in the adjoint represen-
tation of h. Eq.(12) was introduced in ref. [5].
We look for a solution of eq.(9) in the following factorized form
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∑
α1...αN
< Gα1R1l1(z1) . . .G
αN
RN lN
(zN ) >< Φ
α1
l1
(z1) . . .Φ
αN
lN
(zN ) >
≡< (GR1l1(z1),Φl1(z1)) . . . (GRN lN (zN),ΦlN (zN )) >, (13)
where (·, ·) is the bilinear form
(GR l(z),Φl(z)) =
dim l∑
α=1
GαR l(z)Φ
α
l (z).
We shall denote
G˜R l(z) = (GR l(z),Φl(z)) . (14)
It follows from (5) and (11) that G˜R l(z) commutes with the operator J˜
A(m) =
JA(m) + χA(m)
[J˜A(m), G˜R l(z)] = 0. (15)
The vacuum state |0 > is the joint state of the gˆk and hˆk′ WZNW theories.
We shall use the following properties of |0 >
< 0|J˜A(m < 0) = J˜A(m ≥ 0)|0 >= 0, (16)
< 0|K−(z) = K+(z)|0 >= 0, (17)
where
K−(z) =
∑
m<−1
K(m)z−m−2, K+(z) =
∑
m≥−1
K(m)z−m−2.
Let us compute the left-hand side of eq.(9) using correlation functions
(13). To simplify presentation we assume that |z| > |z1| > . . . > |zN |. Using
eqs.(17), (7) and (12) we get
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< K(z)G˜R1l1(z1) . . . G˜RN lN (zN) >=< K+(z)G˜R1l1(z1) . . . G˜RN lN (zN) >
=
{
∆R1l1
(z − z1)2
+
1
z − z1
∂
∂z1
}
< G˜R1l1(z1) . . . G˜RN lN (zN) >
+ < G˜R1l1(z1)K+(z) . . . G˜RN lN (zN ) > +
1
z − z1
< TR1l1(z1) . . . G˜RN lN (zN) >,(18)
where
TR1l1(z) =
1
2k′ +Qh
(GR1l1(z)t
A, : χA(z)Φl1(z) :)−
1
2k +Qh
(: JA(z)GR1l1(z) : t
A,Φl1(z)).
At k′ = −k −Qh the field TR1l1(z) can be written in the form
TR1l1(z) = −
1
2k +Qh
: J˜A(z)(GR1l1(z)t
A
l1 ,Φl1(z)) :.
Due to eqs. (15) and (16) the last term of eq.(18) vanishes
< TR1l1(z1) . . . G˜RN lN (zN) >= 0.
Proceeding inductively one can show that the correlation function (13) sat-
isfies the Ward identity (9).
From the arguments presented above it follows that G˜R l(z) (14) rep-
resents the primary field of the g/h coset theory which has the conformal
dimension (8).We took the fields GR l(z) from the decomposition (4). How-
ever to prove the factorization only eqs. (5) and (6) were essentially used.
These equations have other solutions which can be used to construct coset
primary fields.
To construct coset currents let us consider the field J(z) = (J i(z)), J i(z) =∑
m J
i
mz
−m−1, i = dimh+1 . . . dim g. It can be decomposed in the set of some
irreducible representations of h
J(z) =
∑
s
Js(z).
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The field Js(z) satisfies eq.(5) for some t
A
s and eq.(6) with the conformal
dimension ∆ = 1. According to eq. (14) the coset current corresponding to
Js(z) is given by
J˜s(z) = (Js(z),Φs(z)). (19)
It follows from (8) that J˜s(z) has the conformal dimension
1−
Qs
2k +Qh
,
where Qs is the quadratic Casimir of h in the representation s.
Let us consider the g/u(1)d, 1 ≤ d ≤ rank g, coset theory.In this case the
primary field GR(z) is decomposed in the set of one-dimensional representa-
tions of u(1)d
GR(z) =
dimR∑
µ=1
GRµ(z),
[JA(m), GRµ(z)] = µ
AzmGRµ(z),
where µ = (µA). A solution of eqs.(11),( 12) is given by
Φµ(z) =: exp
(
−
i
k′
µ · ϕ(z)
)
:, (20)
ϕA(z) = qA − iχA(0)logz + i
∑
n 6=0
χA(n)
n
z−n, (21)
where
[qA, χB(m)] = iδABδm,0. (22)
According to eqs.(14) and (8) at k′ = −k G˜Rµ(z) = GRµ(z)Φµ(z) repre-
sents the coset primary field which has the dimension ∆Rµ = ∆R − µ
2/2k.
The correlation function of these fields is given by
< GR1µ1(z1) . . .GRNµN (zN ) >=< GR1(z1) . . . GRN (zN) >
N∏
i<j
(zi − zj)
−
µiµj
k .
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This is in agreement with the results of refs.[7, 8]. Parafermion g/u(1)d
currents in the form (19) were obtained in [14].
The results presented in this paper can be extended in many directions.
The most important is to study the factorization properties of the W/h coset
conformal field theory. It is also interesting to find primary fields and describe
the corresponding operator algebra. This is presently being studied.
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